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Abstract

We delve into the Hotelling price competition game without assuming full market cov-
erage, and derive three equilibrium configurations. Two of them are well-known: Hotelling
duopoly, where firms set the prices with the aim of stealing customers from the rival, and the
market is fully covered; Local Monopolies, where firms avoid strategic interaction and busi-
ness stealing, and the market is partially covered. In the third, firms interact strategically to
keep the market covered, while at the same time avoiding business stealing; we define it as
Monopolistic Duopoly (MD) because it combines the characterizing features of the other two
scenarios. Despite the existence of few contributions on MD, this equilibrium configuration
has been substantially ignored. By spelling out the economics of MD and applying its in-
triguing properties to recent issues, we establish that MD has, instead, relevant implications
for the Hotelling literature.
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1 Introduction

In his seminal paper (Hotelling, 1929), Harold Hotelling provided scholars with a flexible tool
to delve into the economics of horizontal product differentiation. While the Hotelling’s setup
was initially used to analyze the optimal level of differentiation, today the main focus is on
competition given the differentiation degree. This framework is applied to relevant issues in
several fields: not only up-to-date topics in industrial organization, such as platform competition
(e.g., Armstrong, 2006; Karle et al., 2020), prominence (e.g., Armstrong and Zhou, 2011; de
Corniere and Taylor, 2019), exclusivity (e.g., Carroni et al., 2023; Bedre-Defolie and Biglaiser,
2022), naivete-based discrimination (Heidhues and K6szegi, 2017), selection markets (Veiga and
Weyl, 2016), and limited consumer attention (Hefti and Liu, 2020), but also, for instance, quality
competition in education and health markets (e.g., Brekke et al., 2006; Siciliani and Straume,
2019), labor (Bénabou and Tirole, 2016), and environment (Deltas et al., 2013).

In this paper, we consider the simplest version of the Hotelling framework, featuring two firms
located at the extremes of the linear city, zero production costs, linear transportation costs, and
price competition. Then, we delve into the price competition game without assuming full market
coverage. More precisely, denoting ¢ the marginal transportation cost and v the gross utility from
unit consumption, we let ¢ take any positive value, for given v > 0. In doing so, we derive three
different equilibrium configurations. (i) For low values of ¢ relative to v, each firm sets the price
with the aim of stealing customers from the competitor. This is the canonical Hotelling duopoly
configuration (HD, henceforth), where the market is fully covered and the consumer indifferent
between purchasing from either firm obtain positive utility. (ii) For relatively high values of
t, each firm sets the price with the aim of avoiding strategic interaction and business stealing.
This is the well-known Local Monopolies configuration (LM, henceforth), where the market is
partially covered. (iii) For intermediate values of t relative to v, firms sets prices strategically
to keep the market covered (like in HD), while at the same time avoiding business stealing (like
in LM). We define this lesser-known equilibrium configuration as Monopolistic Duopoly (MD,
henceforth), where the indifferent consumer obtain zero utility.

To the best of our knowledge, the first analysis containing an equilibrium characterization
of MD is due to Salop (1979). Although considering the circular city, instead of the linear
one, and a free-entry, zero-profit equilibria framework, the author points out that prices are
decreasing in the marginal transportation (and production) costs at the "kinked equilibrium”
(corresponding to our MD). Building on Salop (1979), Rey and Salant (2012) explore the optimal
behavior of intellectual property owners, which sell licenses to firms evenly located around the
circle. The authors show that the upstream supplier sells the exact number of licenses to
induce MD as the downstream market equilibrium configuration. Rey and Tirole (2019) employ
the Hotelling model —with demand externalities— to demonstrate the range of application of
their argument on price caps. In the online appendix, they characterize the three regions we
mention above and remark that, under MD, asymmetric price equilibria may arise and prices
are strategic substitutes. Strategic substitutability is present also in Thépot (2007).! Overall,
these papers highlight the following properties of MD that are in stark contrast with those of

LA brief analysis of the symmetric MD equilibrium can be found in Cowan and Yin (2008) and Fedele and
Depedri (2016). The only other reference to MD we are aware of is an exercise in Chapter 12 of the textbook by
Mas-Colell et al. (1995).



HD: (i) a symmetric price equilibrium and a continuum of asymmetric ones arise though firms
are symmetric; (ii) prices are strategic substitutes; (iii) prices and profits are decreasing in the
marginal transportation cost.?

Despite the above findings, the Hotelling literature refers to the full market coverage assump-
tion as a synonym for HD. A natural question is then why MD has been substantially neglected
or, at best, relegated to the obscurity of a mathematical curiosum. One possible answer is that
its equilibrium properties are believed to be economically uninteresting or, using the wording in
Salop (1979), ”perverse”.

This paper’s first contribution is to do justice to MD by carefully exploring the behavior
of firms at the MD equilibria and concluding that its properties are far from uninteresting. In
particular, we derive two ancillary results that are not reported in the existing papers on MD: (i)
at the asymmetric price equilibria, the price difference must be relatively low to avoid profitable
unilateral deviations; (ii) at the extremes of the MD parametric interval, only the symmetric
equilibrium survives, which implies that the equilibrium prices and profits vary continuously
across HD, MD, and LM.

Most importantly, we spell out the intuition as to why the equilibrium configuration changes
from LM to MD to HD. To this aim, we refer to the firms’ classical trade-off between markups
and sales. Because the marginal cost to attract an extra consumer —in terms of price reduction—
is increasing in t, firms prefer to set high prices and not the serve the entire market when ¢ is
relatively high: LM emerges. As t decreases, the marginal cost reduces, leading to an expansion
in sales. This eventually results in all consumers buying and the indifferent consumer obtaining
zero utility. At this point, any attempt to gain a further consumer would make that consumer
interested in both products: the marginal cost of expanding sales would then jump upwards. To
avoid the cost surge, firms adjust the prices to keep the indifferent consumer with zero utility,
which explains the equilibrium shift to MD. Put it differently, if one firm lowers the price to
attract an extra consumer, the rival firm reacts by increasing the price, thus giving up on that
consumer. As t further declines, initially the equilibrium configuration remains MD: because of
the discontinuous increase in the marginal cost to expand sales, ¢t has to fall enough to make
firms willing to switch to HD.

Firms’” MD behavior involves strategic interaction without competition; as such, it evokes
the notion of collusion. We argue that the MD behavior is indeed akin to, but distinct from,
3

collusion and refer to it as quasi-collusion:® on one hand, the (symmetric) MD equilibrium prices

maximize the industry profits;* on the other hand, they are a Nash equilibrium of a one-shot

2Equilibrium configurations with a zero-utility indifferent consumer, therefore similar to MD, have been an-
alyzed in the Hotelling literature on the optimal degree of differentiation too: Economides (1984, 1986) and
Hinloopen and Van Marrewijk (1999) build on Lerner and Singer (1937), Smithies (1941), and Vickrey (1964)
to explore how such configurations, the ”touching equilibria” in their taxonomy, affect the firms’ location choice
along the segment.

3To the best of our knowledge, this term was first used by Papandreou and Wheeler (1954, p. 243) who define
quasi-collusion as a situation where ”the firms in a market adopt certain standards of behavior which make for
parallel or concerted action without overtly arriving at an agreement to do so.” This definition is closer to what
we currently call tacit collusion.

“In this respect, Rey and Salant (2012) and Rey and Tirole (2019) point out that the pricing behavior of
the firms at the symmetric MD equilibrium replicates that of a two-product monopolist. For an interesting
contribution on how the profit-maximizing strategies of a two-product monopolist in the Hotelling framework are
affected by the values of ¢ relative to v, see Balestrieri et al. (2021).



game.”

Our second contribution is to establish the importance of MD for the Hotelling literature. To
this end, we consider three relevant topics, namely platform competition in two-sided markets,
asymmetric competition due to prominence or exclusivity, and quality competition in price-
regulated markets: we first verify that the existence and the properties of MD are robust to
these applications of the basic Hotelling framework; we then derive a set of novel results.

In the two-sided markets application, we show that a MD equilibrium exists if the size of
cross-group externalities is large relative to the marginal transportation cost, which causes the
nonexistence of the HD equilibrium. The intuition is that relatively high externalities trigger a
fierce price war under HD, which leads the platforms to incur losses. By contrast, the MD quasi-
collusive behavior allows platforms to avoid such intense competition and reap positive profits.
In the asymmetric competition application, we consider policy measures aimed at mitigating
the competitive edge given by prominence or exclusivity and prove that the policy effects on
consumer surplus can be reversed. For instance, a neutrality policy aimed at limiting biased
intermediation can trigger a change in the strategic equilibrium behavior of firms, from HD
to MD. In this case, the policy effect turns from negative to positive. Finally, in the quality
competition application, we focus on the relationship between the degree of market power and
the gap in the equilibrium quality provided by the firms. We find that, under MD, the level of
the regulated price affects the sign of such relationship.

The remainder of the paper is organized as follows. Section 2 sets out the model and Section
3 delves into the price competition game. Section 4 discusses MD. Section 5 develops the three

applications. Section 6 wraps up the paper and further discusses the robustness of results.

2 The Model

We consider a Hotelling segment of unit length with two firms, indexed by i € {0, 1}, located at
its extremes: firm 0 is in 0 and firm 1 in 1. A unit mass of consumers is uniformly distributed
along the segment. Consumers demand, at most, one unit of a product supplied by the firms. If
a consumer located at = € [0, 1] buys one unit of the product from firm i at price p;, her utility
function is:

U(z,p;) = v — tdi(x) — pi, (1)

where v is the gross utility from the unit consumption, d; (z) is the Euclidean distance between
the location of the consumer and that of firm 4, and ¢ is the marginal transportation cost (or
marginal dis-utility of distance). If, alternatively, consumers do not buy, their utility is zero.
We solve equation U(z, pg) = U(x, p1) for x to obtain the location of the consumer indifferent
between purchasing from either firm,
Po— PN 2)

(porp1) = =
$1P0,P1—2 on

We also solve equations U(x, pg) = 0 and U (z, p1) = 0 for x to derive the location of the consumer

5Though not maximizing industry profits, the asymmetric MD equilibria are still reminiscent of collusion
because, by the Folk Theorem, collusive equilibria of supergames can be suboptimal.



indifferent between purchasing from firm 0 or firm 1, respectively, and not purchasing,

wo(p) = = 3)

and
v —Dp1
.

Throughout the paper, we refer to x; as the location of the indifferent consumer and to x; as

z1(p1) =1—

the location of firm i’s marginal consumer.

Firms operate a constant-returns-to-scale technology; the marginal cost is normalized to zero.
Firms simultaneously choose their prices p; to maximize the profit function m; (p;) = p; D;(po, p1),
where D;(po, p1) is the demand function. In what follows, we analyze the price competition game
without assuming full market coverage; more precisely, we let ¢ take any positive real value, for

given v > 0.

P1

(a) Hotelling Duopoly. (b) Monopolistic Duopoly.

P1

(¢) Local Monopoly.

Figure 1: Firm 0’s price responses.

Focus on firm 0 and consider price p; € (0,v] as given.® Then, at most three alternative

price responses are available to firm 0, depending on where its marginal consumer, xo(pg), lies

SWith no loss of generality, we disregard intervals p; < 0 and p; > v, in which firm 1 would reap weakly
negative profits, no matter the price chosen by firm 0.




relative to firm 1’s one, z1(p1).”

(i) Firm 0 sets pp so that zo(pp) > x1(p1): see Figure la for a graphical representation.
This is the standard Hotelling Duopoly scenario, where the indifferent consumer x; locates
between x1 and zg and obtains a positive utility. The market is fully covered and firm 0’s

demand comes from consumers in [0, zz].

(ii) Firm 0 sets po so that zo(pg) = z1(p1). Figure 1b illustrates this scenario, which we label
Monopolistic Duopoly. Here, the locations of x; and z; coincide, hence the indifferent
consumer obtains zero utility. The market is fully covered, and firm 0’s demand comes

from consumers in [0, x| or, indifferently, in [0, z0].

(iii) Firm O sets pp so that xo(po) < z1(p1). This is the Local Monopoly scenario, depicted in
Figure 1c, in which the indifferent consumer locates between zy and x; and prefers not to

buy. The market is partially covered and firm 0’s demand comes from consumers in [0, xg].

Relative to a canonical Hotelling analysis with full market coverage, our approach entails
a substantial difference, in that the price levels chosen by firms determine not only the size of
demands, but also their functional form. Figure 2 depicts this point, which Salop (1979) refers
to as the "kinked” demand curve: for all py < 2v —t — p;, we have zg(py) < x1(p1), so the
part of the demand curve represents HD; if the inequality is reversed, we have LM: if, finally,

po = 2v —t — p1, we have MD.

Po A

2V*t7p1

Figure 2: Firm 0’s kinked demand function.

3 Analysis

The price competition game is analyzed in two steps. First, in Section 3.1, we derive firm 0’s
best-response strategy to any p; € (0,v] chosen by the competitor. Next, in Section 3.2, we

develop the equilibrium analysis.

“For the sake of notational ease, in the following, we will omit the arguments of the functions as long as this
does not generates ambiguities.



3.1 Best-response Strategy

To characterize firm 0’s best response strategy, we first derive its profit-maximizing price response
for each of the three configurations defined in the previous section, and we then compare the

resulting profits as a function of p;. The details are in Appendix A.1.

Optimal price response under HD. For any given p; € (0,v], firm 0 solves the following

problem,

max pg X min{zy, 1} (4)
Po

s.t. xg > x1.

Note that firm 0’s demand function is bounded from above by 1 because, by construction, the
indifferent consumer x; cannot lie outside the unit segment.

Problem (4) describes the following strategic scenario. Let 1 —z1 = Cy € [0, 1) be the set of
consumers that enjoy nonnegative utility by patronizing firm 1; firm 0, then, sets pg low enough
to steal some consumers in Cp from the rival —the set [x1,x;], to be precise- as depicted in

Figure la. The solution to (4) yields firm 0’s optimal price response under HD,

(5)

HD (1)) pl;t if0<p1<min{3t,%v—t} and t > 0,
b p1) = .
’ pr—t 3t <p<v and t < v.

If firm 1 chooses an aggressive pricing strategy, i.e., p1 < min {3t, %v - t}, firm O reacts with

a low price too, it ! and its demand is pﬂt

€ (0,1). If firm 1 is more accommodating, i.e.,
p1 € [3t,v], firm 0 can serve the entire market at a higher price, p; — ¢, that makes the consumer

located in 1 indifferent between purchasing from either firm.

Optimal price response under MD. For any given p; € (0,v], firm 0’s problem is

max pg X min {zg, 1} (6)
Po

s.t. xg = 1.

Problem (6) describes the following strategic scenario: given p; and C1, firm 0 sets the highest
possible pg so as to serve all the consumers that are not in C'1, and only them, as illustrated in
Figure 1b. The solution to (6) is

p(])\/[D(pl):2U—t—plifO<p1§U. (7)
Optimal price response under LM. For any given p;, firm 0 solves

max po X min {zg, 1} (8)
Po

s.t. g < 1.

Problem (8) describes a scenario where firm 0 sets a relatively high price and avoids strategic



interaction with firm 1, as depicted in Figure lc. A positive measure of consumer exists —the
interval (xg,x1)— that abstains from consumption. The solution to this problem is given by
v .. 3 1
M (p)=-if v —t<p <vandt> -wv. 9)
2 2 2
The LM price response is not defined if ¢ < %v: under this condition, %v —t is weakly larger

than v and the interval in (9) is empty.

Best-response strategy. For given price p; set by the rival, the optimal responses reported
in equations (5), (7), and (9) result in different values of firm 0’s profit. Comparison of these
profits allows us to characterize firm 0’s best-response strategy, which we report in the following

lemma.

Lemma 1. Firm 0 best response to any price p1 € (0,v] is

piP(p1) if 0 < p1 < min{v, 30—t} and t > 0,
P(]?R(Pl) = pé/"D(m) if%v—tgpl <min{v, %U—t} and t > %U
peM(p1) if %U—t<p1 <wv and t > %v.
Proof. See Appendix A.1. O

Lemma 1 shows that firm 0’s best response to the competitor’s price depends on the relative
sizes of parameters ¢t and v that, in turn, govern how firms manage the classical trade-off between
markup and sales volumes. In general, for a given v, the smaller ¢ the easier to gain volumes by
lowering the price. As t increases, a price cut is gradually less effective in boosting sales. Armed
with this intuition, let us start from ¢ small relative to v and gradually increase its value.

Ift < %v, volumes are very sensitive to price variations. The cost in terms of lost mar-
gin to boost sales is small, and firm 0 always behaves as a Hotelling duopolist: its aim is to
steal consumers from the rival by setting price(s) pi'”(p1). This pricing strategy is graphically
represented by the green line in panel 3a of Figure 3.

If %v <t < %v, volumes turn less sensitive to price variations. As a result, firm 0 still
reacts as a Hotelling duopolist if the rival prices aggressively, i.e., p1 € (0, %v —t). By contrast,
firm O increases the price to péVID (p1) and shifts to the MD behavior in response to a more
accommodating strategy by firm 1, i.e., p; € [%U —t, min {v, %v - t}] See the green line in panel
3b.

Finally, if ¢ > %U, volumes are relatively unresponsive to price variations. Again, firm 0
behaves as a Hotelling duopolist if the rival sets a low p; and as a monopolistic duopolist for
intermediate p;. However, if firm 1 sets a high price, p1 € (%U — t,v], firm 0 prefers to further
increase its price to pOLM (p1) and get a local monopolist position. See the green line in panels
3¢ and 3d.

3.2 Equilibrium

The analysis of firm 0’s best response function puts us in a position to characterize the set of

equilibria of the game, which we report in the following proposition.
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Figure 3: Best replies of firm 0 (green) and firm 1 (red) and equilibria, v = 4.

Proposition 1. Three alternative equilibrium configurations arise depending on the level of t
relative to v:
(i) if t < %v, Hotelling Duopoly with symmetric equilibrium prices p'P =t;
(ii) if %v < t < v, Monopolistic Duopoly with equilibrium prices prID = v — % — k and
pé»\/[DE’U—%—l—k, k€ [0,k*] and k* Emin{%—%,%t ;

(iii) if t > v, Local Monopolies with symmetric equilibrium prices p"™ =

e

Proof. See Appendix A.2. O



Figure 3 offers a graphical representation of the different equilibria. Panels 3a and 3b provide
two examples of the HD equilibrium, points A and B. In panel 3c, we represent the MD equilibria,
segment CD, and in panel 3d the LM equilibrium, point E.

To grasp the intuition behind Proposition 1, we consider the price reduction firms must incur
to attract a further consumer and observe that such reduction crucially depends on whether the
market is partially or fully covered.

With partial coverage, a further consumer targeted by firm ¢ is not interested in product j:
taking that consumer on board simply requires firm ¢ lowering p; to guarantee her a nonnegative
utility. We label such price reduction as the (marginal) monopolistic cost of increasing volumes.
Formally, the inverse demand of firm 4 is p; = v — tx; and a marginal increase in sales, dx;,

i) = ¢,

requires a marginal price drop equal to ‘ I
With full coverage, an extra consumer targeted by firm 7 is also considering firm j’s product:

stealing that consumer from the rival requires firm ¢ leaving her at least with the utility she
would enjoy by consuming product j and, at the same, triggers firm j’s reaction. We refer to
the overall price drop as the (marginal) competitive cost of increasing volumes. Formally, firm

_(pitt
1’s demand is x; = % — M; the inverse demand is then p; = 3t — 4tx; and the marginal

2t
i) — 4¢,

competitive cost amounts to ’ ao
This clarified, we discuss Proposition 1 starting by the LM case, which obtains if ¢ > v.

Because t is relatively high, attracting a further consumer requires a large price reduction. Ac-
cordingly, firms prefer to set relatively high prices, which results in equilibrium partial coverage.
Condition t > v is an intuitive one: even if the firms price at marginal cost —zero, in our model—-
the utility of their farthest potential consumer (i.e., that at the opposite end of the interval)
is v —t < 0. This individual and, by continuity, some others in her neighborhood, never con-
sider the firm at the opposite end of the interval. Consequently, firms take advantage of their
monopoly power on a set of nearby consumers and prefer not to serve the entire market.

When the parametric condition for LM does not hold, i.e., ¢ < v, marginal-cost pricing turns
effective to make each product attractive also for the farthest consumers, which leads to full
coverage at equilibrium. If ¢ is relatively high, i.e., t € [%v, v], firms avoid the upwards jump in
the cost to expand volumes, from t to 4t, by adopting a MD behavior. Here, the cost for firm
i to attract an extra consumer is still ¢ because firm j, by increasing p;, does not compete for
that consumer. A striking feature of MD is that firms interact strategically, like in HD, but do
not compete to steal business from each other, like in LM.

As t decreases, the gap between the competitive and the monopolistic costs shrinks because
consumers are increasingly sensitive to the price; at the same time, the MD equilibrium prices
rise. If ¢ is sufficiently low, i.e., t < %U, each firm finds it profitable to accept the competitive
cost and sets a lower price than the MD equilibrium price to attract consumers from the rival.
This results in the canonical HD competition.

In conclusion, it is worth remarking that the upwards jump in the cost to expand volumes
explains why MD exists in a whole interval of values of ¢, rather than at a single point, as one
might expect by inspecting Figures 1 and 2. Because of such discontinuity, ¢t has to decrease
enough to make the competitive cost (relatively) acceptable.

To complete our analysis, in Figure 4 we draw the HD, MD and LM equilibrium prices as a

function of t. In the MD region, the dashed line represents the symmetric equilibrium; instead,

10



every pair of prices vertically equidistant from the dashed line represents a pair of asymmetric

equilibrium prices, provided that they lie within the shaded area.

A

Pi, pj

LM _

LM

v v t

Figure 4: Optimal prices as a function of .

4 Monopolistic Duopoly: Discussion

MD distinguishes from the canonical HD, and its peculiar characteristics deserve further expla-

nation. We elaborate on such characteristics in what follows.

Remark 1. Under MD, asymmetric prices can arise at equilibrium, even though firms are

symmetric.

Inspection of Figure 3¢ reveals that MD best replies pZM D (p;j) may overlap in the (pg, p1)
plane, whereby a continuum of asymmetric price equilibria may exist. The multiplicity of equi-
libria stems from the fact that firms aim to avoid competition, while keeping the market just
covered. If one firm sets a low (high) price and serves more (less) than half of the market,
the other firm adopts a mirror strategy by setting a high (low) price so as to serve the smaller
(larger) remaining set of consumers.

Interestingly, the degree of asymmetry is bounded from above by k* = min{% 3 “T_t} To
see why, we observe that the binding threshold is 5 — 3 if ¢ < % vt
moreover, the switching value ¢t = %v lies in the middle of the MD segment %fu <t<w.

t v

v, while it is %5 if ¢ >

ot

9

With this in mind, let us start by the sub-interval ¢ < %v, and suppose k exceeds % —35.In
such a case, firm j setting the higher price has a profitable deviation to a lower price, which
leads to HD. The intuition is as follows. Because the parameter constellation is closer to HD
than to LM, firm j might be tempted to accept the competitive cost of expanding the volumes
and, accordingly, cut its price. However, k£ must be relatively large for such deviation to be
profit-increasing; in this case, pé\/[ D would be so large that volumes would be unprofitably small.

v

Note that the threshold % — g is zero at ¢t = %v, in which case the only MD equilibrium is the

symmetric one, and rises with ¢: an increasing ¢ makes firm j’s price cut increasingly costly.

11



v—t
2
that value, the lower-price firm ¢ has the incentive to deviate to a higher price, resulting in LM.

A mirror reasoning explains the case t > %v, where the binding cutoff is . If k exceeds

Here, the parameter constellation is closer to LM than HD, and a deviation to a higher price
occurs when k£ > % because pZMD would be unprofitably low. Note that the threshold %
decreases with ¢ and becomes zero at ¢ = v, where only the symmetric prices survive at the MD

equilibrium.
Remark 2. Under MD, prices are strategic substitutes.

This result is in sharp contrast with the canonical case of HD. To give an intuition, recall
that the indifferent consumer’s utility is positive at the HD equilibrium, but zero at the MD
equilibria. Consider then HD and suppose firm ¢ increases its price: firm i’s farthest consumers
shift to firm j that, in turn, can increase its price and enjoy a larger markup with a nonlower
demand. Under MD instead, an increase in p; does not benefit firm j’s demand because the
farthest share of firm i’s consumers stop buying. Firm j’s best response is then to cut p; to
serve these consumers and only them. By referring to the discussion after Proposition 1, firm j
can expand volumes at the monopolistic cost, rather than the competitive one.

Consider now a drop in the price set by firm ¢, which erodes the rival’s demand. Under HD,
firm j accepts the competitive cost to expand the sales and then cuts p; to win consumers back.
Under MD instead, firm j is unwilling to bear the competitive cost, thus it raises p; to target

the consumers still uninterested in product i, and them only.
Remark 3. Under MD, equilibrium prices and profits decrease with t.

Universal agreement exists that ¢ captures the degree of product differentiation and market
power in the Hotelling setup. Accordingly, a higher ¢ is associated with milder competition,
higher prices, and higher profits. Remark 3 points out that this is not a general property of such
a setup. The opposite happens under MD because each firm desires to serve all those consumers
who do not patronize the rival, and them only. If ¢ increases, the prices must suitably decline to
continue attracting the most distant consumers, and profits shrink too. As a consequence, the
marginal transportation cost should be interpreted as an inverse, rather than direct, measure of

market power under MD.
Remark 4. Under MD, firms adopt a quasi-collusive behavior.

As clarified in the previous section, MD incorporates characteristics of both strategic be-
havior — prices are interdependent to keep the market covered — and of monopolistic behavior —
firms do not aim to steal customers from each other. This points to the role of MD in bridging
the competitive HD environment and the nonstrategic LM scenario. As mentioned in the intro-
duction, the idea of strategic interaction without competition evokes the notion of collusion. In
what follows, we explain why firms’ MD behavior is similar, but not equivalent, to collusion.

Consider the full market coverage region t < v and observe that the industry profit-maximizing
price is v — %; clearly, this is also the best collusive price. Yet, v — % is not a Nash equilibrium
under HD, hence sustaining it would require a suitable supergame setup. By contrast, under
MD, the firms choose the industry profit-maximizing price at the Nash equilibrium of the one-

shot game. As for the asymmetric MD equilibrium prices, they do not maximize industry profit
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but are still reminiscent of the possibility of collusion on Pareto-dominated outcomes, as per the
Folk Theorem.

Interestingly, the analysis of algorithmic pricing has recently pointed out that higher-than-
Nash-equilibrium prices can emerge without a proper reward-punishment setup: see, e.g., Cal-

vano et al. (2023), who refer to this sitation as spurious collusion.

Remark 5. Under MD, the total surplus is mazximum in the symmetric equilibrium, but the

consumer surplus is higher in an asymmetric equilibrium.®

The result on total surplus is driven by the fact that the symmetric MD equilibrium maxi-
mizes industry profits and, at the same time, minimizes the transportation costs. Nevertheless,
consumer surplus is higher under asymmetry because more than 50% of consumers pay a lower

price than the symmetric one, which outweighs the increase in transportation costs.

5 Applications

Our analysis points out that MD is a competitive scenario that emerges in a nontrivial parametric
constellation of the Hotelling model. Further, its characteristics are far from ”perverse” and can
be seen as a ”hybridization” between full-fledged duopolistic competition and local monopolies.
In this section, we claim that (the intriguing features of) MD may have a relevant impact
on the analyses built around the Hotelling setup. To substantiate our point, we modify the
model in Section 2 and analyze three up-to-date topics: price competition in two-sided markets,
asymmetric competition due to prominence or exclusivity, and quality competition in price-

regulated markets.

5.1 Price Competition in Two-Sided Markets

In a growing number of markets, competing platforms manage interactions among different
groups of agents. Since the seminal paper by Armstrong (2006), the Hotelling game has become
the workhorse for analyzing competition between horizontally differentiated platforms in multi-
sided markets. Crucially, Armstrong (2006) finds that the degree of platform differentiation
must be high relative to the strength of cross-group externalities to ensure that the platforms’
equilibrium profits are positive: see condition (8) on p. 674 of his paper.

However, an increasing number of real-world instances exist where ignoring low-differentiation
scenarios might be problematic. A case in point is digital markets with multi-sided platforms.
Transportation costs in their traditional, spatial sense are negligible in these markets. In ad-
dition, the —possible— interpretation of relatively high transportation costs as a predominant
idiosyncratic attachment to a platform may be unsatisfying; indeed, finding the desired content
or products on, say, streaming or marketplace platforms is likely no less important than the
abstract preference for one platform.

In what follows, we show that a MD equilibrium exists even if transportation costs are small
relative to externalities, namely in the region where the HD equilibrium fails to exist. To make

our point, we develop a simplified version of Armstrong (2006), in which platforms set prices

8Similar normative considerations can be found in Rey and Tirole (2019), Footnote 39, p. 3041.
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only on the consumer side.” Two platforms indexed i € {0, 1} are located at the endpoints of a
Hotelling segment of unit length and mediate the interaction between consumers and producers;
for simplicity, the platforms’ production costs are normalized to zero.

A continuum of consumers is uniformly distributed along the line, each identified by her
location z. Consumers can decide not to be active in the market (zero-home) or to join one
platform (single-home). In the former case, the utility is zero. In the latter, the utility function

of a consumer located at z and joining platform ¢ is:

Compared to the utility function (1), the additional term alE(n;) captures the cross-group ex-
ternalities enjoyed by the consumers on platform i: a > 0 is the value of the interaction between
a consumer and a producer; E(n;) is the mass of producers the consumer expects to be active
on platform 1.

On the other side of the market, each of a continuum of producers is free to choose not to
participate in the market (zero-home), to join one platform (single-home), or to join both plat-
forms (multi-home). Producers bear heterogeneous setup costs f to operate in either platform;
such costs are uniformly distributed over [0,1]. Producers enjoy the cross-group externality
v > 0 when interacting with a consumer, and pay a fixed fee, which we normalize to zero, to
join each platform.

A cost-f producer is willing to join platform i if and only if v-E(D;) > f, where E(D;) is the
mass of consumers the producer expects to be active on platform i. The total mass of producers
active on platform ¢ is therefore given by n; = Prob(f < v -E(D;)). Under the assumption of
uniform distribution of setup costs, we get n; = v - E(D;).

The timing of the game is as follows. First, the platforms simultaneously set prices p; to
maximize profits, m; = p; D;. Second, consumers and producers simultaneously make their joining
decisions. Here, we are interested in characterizing the equilibrium partition, particularly the
parameter constellation where MD is the only equilibrium. Accordingly, we restrict our attention

to the symmetric equilibrium in the MD case.

Result 1. Consider a two-sided market and let e = o~y denote the strength of cross-group
externalities. Four alternative equilibrium configurations arise depending on the level of t relative

to v:

_l’_

)

DO+
oo

(i) if t < e, Monopolistic Duopoly with equilibrium prices pMP = v —

(ii) ife<t<e+ %v, Hotelling Duopoly with equilibrium prices p"P =t — e;

(iii) if if e + %v <t <e+wv, Monopolistic Duopoly with equilibrium prices p™P = v — % + 55
oy - - T : LM _
(i) if t > e+ v, Local Monopolies with equilibrium prices p~* = 3.
Proof. See Appendix B. O

9More precisely, we rely on Armstrong (2006) to model the consumer side and on Hagiu (2006) to model the
producer side. For a similar framework, see Rasch and Wenzel (2013).
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The message conveyed by the foregoing result is twofold. On the one hand, it ensures that
the findings of Proposition 1 extend to the case of two-sided markets; it is indeed straightforward
that points (ii)-(iv) parallel those of Proposition 1. On the other hand, a significant difference
emerges. While in one-sided markets the HD equilibrium exists for ¢ arbitrarily close to 0, in the
two-sided environment the externalities put downward pressure on the HD equilibrium prices
plD =

equilibrium existence.

t — e, hence the degree of differentiation must be relatively large, t > e, to guarantee
10

However, point (i) in Result 1 is novel: even if ¢ is lower than e, equilibrium interaction
among firms exists in the form of MD. What is the intuition behind this outcome? In two-sided
markets with positive cross-group externalities, a relatively low ¢ would trigger a fierce price
war if platforms’ goal were to steal consumers from one another, as is the case under HD: this
would lead the platforms to incur losses. By contrast, under MD, platforms want to serve all
the consumers that do not patronize the rival and them only. As argued above, this results
in quasi-collusive behavior that allows platforms to circumvent competition and earn positive

profits.

5.2 Asymmetric Competition: Prominence and Exclusivity

It is often observed that third parties give some firms an edge over competitors. Two common
examples are (i) prominence and (ii) exclusivity. (i) Consumers incurring nontrivial search costs
when looking for a deal tend to consider first the sellers which, for instance, are recommended
by an intermediary, or are prominently displayed by a search engine. Prominence is then the
situation in which those sellers enjoy an advantage over competitors because they are likely
to be encountered first by consumers (e.g., Armstrong and Zhou, 2011, Bar-Isaac and Shelegia,
2022, and Ciotti and Madio, 2023). Other examples may include a shopping mall putting a store
in a prime position, or a two-sided platform that is also active in one side of the market and
steers consumers toward its own products at the detriment of hosted sellers. (ii) Exclusivity is,
instead, a contractual clause that gives a specific firm the exclusive right to use some products
or production factors. When products/factors are of superior quality, the firm can offer a better
product to its consumers (e.g., Carroni et al., 2023). One can think of a sports league selling
exclusive broadcasting rights to a pay-TV firm.

The use of the Hotelling game to analyze prominence and exclusivity is increasingly widespread;
as for prominence, see, e.g., Armstrong and Zhou (2011) and de Corniere and Taylor (2019); as
for exclusivity, see, e.g., Bedre-Defolie and Biglaiser (2022) and Martimort and Pouyet (2022).
Among other issues, these papers investigate the conditions under which the competitive edge
conferred by prominence or exclusivity is socially desirable and, if not, how to mitigate it.

In what follows, we parsimoniously incorporate asymmetric competition, due to prominence
or exclusivity, into the baseline model developed in Section 2 and derive two results. First, we
verify that Proposition 1 is robust to this extension. Second, we show that the welfare effects of
two policy interventions studied in the literature can be reversed if the analysis includes MD.

Suppose a fraction pu € (0, 1] of consumers obtains an extra utility @ > 0 only when consuming

the variety supplied by firm 0 and label them type-a consumers. Accordingly, the utility function

0Condition ¢ > e is akin to inequality (8) in Armstrong (2006).
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of a type-a consumer located in = € [0,1] is as in (1) if she buys from firm 1, and
U(x,po,a) =v+a—tx —po

if she purchases from firm 0. The remaining fraction 1 — p € [0,1) of consumers are labeled
standard because their utility is as in (1) if purchasing from either firm.

The extra-utility a captures the advantage enjoyed by firm 0 vis-a-vis firm 1 thanks to
prominence or exclusivity (and perceived as such only by type-a consumers). We will provide
more precise interpretations of this extra utility when analyzing the welfare effects of bans on
prominence and exclusivity.

We solve the price competition game, restricting our attention to the symmetric equilibrium
in the MD case. We also assume that firms do not price discriminate between the two types
of consumers. As a consequence, for given prices pg and pi, the indifferent standard consumer
enjoys lower utility than the indifferent type-a consumer. With abuse of notation, we denote
the former consumer by x; and the latter by x¢.

With that in mind, we derive the following result.

Result 2. Consider asymmetric competition. Five alternative equilibrium configurations arise

depending on the level of t relative to v:

HD _— 1

5ID =t+ %au and py’'” =t — gap and the

(i) if t < %v, firms set the equilibrium prices p

indifferent consumers xy and x§ obtain positive utility (HD);

(ii) zf%v <t< 2?1:—51), both firms set the equilibrium price pMP = v — %, xy obtains zero utility
(MD), while x$ obtains positive utility (HD);

(iii) if 22:—50 <t< 2421:—}611 + %a, firms set the equilibrium prices py™ = 2%7“))11 +

(4=3p)(4—p
£ [(Aaf %::)r((f:%‘ )l and piM = 2( i}“}fi;ﬁ L)U + £ K%l‘%;;&:ig‘ Jal , &1 obtains negative utility

(LM), while x$ obtains positive utility (HD);

() if 2%1} + %a <t <v+(1-5)a, both firms set the equilibrium price pMD" =y — =

xy obtains negative utility (LM), while x¢ obtains zero utility (MD);

(v) if t > v+ (1= 5)a, firms set the equilibrium prices pEM = H% and ptM' = 5 and the

indifferent consumers xy and x§ obtain negative utility (LM).
Proof. See Appendix C.1. O

Result 2 shows that, qualitatively, the findings in Proposition 1 extend to the case of asym-
metric competition with prominence/exclusivity. In particular, MD emerges for intermediate
values of t relative to v. The only remarkable difference is that MD concerns one of the con-
sumer types at a time. This is intuitive because MD leaves the indifferent consumer, either
standard or type-a, with zero utility and, as remarked, the indifferent type-a consumer always
enjoys larger utility than the standard one. On top of that, Result 2 allows us to argue that its
specific features have relevant implications for policy assessments. To see how, we consider the

effects of two policy interventions on consumer surplus: neutrality and ban on exclusivity.
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Neutrality policy. In line with de Corniere and Taylor (2019), suppose the extra-utility a
is due to an intermediary that is integrated with firm 0 and biases its advice in favor of that
firm. In this case, u < 1 represents the share of uninformed consumers who rely on the biased
intermediary to help them choose a product. The remaining 1—p consumers are instead informed
and choose the product that maximizes their utility. This setup suits cases of biased prominence,
in which uninformed consumers perceive an extra-utility a before purchase, which, however, does
not exist after purchase. Accordingly, an important policy question is whether to intervene to
mitigate the informational gap.

A possible measure in this direction consists in constraining the intermediary to give equal
prominence to the two firms, namely, to send uninformed consumers in x < % to firm 0 and
those in z > % to firm 1. This policy is referred to as neutrality (see de Corniere and Taylor,
2019). Hereafter, we focus on the parametric interval in which the market of both types of
consumers is fully covered at equilibrium, that is, ¢t < 23:—51}, and investigate how neutrality

impacts consumer surplus.

Result 3. Let t < 2%@. After the implementation of a neutrality policy,

(i) if t < 2;:—1’121, the equilibrium configuration remains HD (i.e., xr and ¢ still get positive

utility); the consumer surplus decreases;

(ii) if 2;;—50 <t < %U, the equilibrium configuration changes from HD to MD on standard
(informed) consumers (i.e., xr now gets zero utility, while x§ still gets positive utility); the

1—p, . 2 )

v).

consumer surplus decreases when t <t and increases when t > t, with t € (QHU; 3

(iii) if %v <t< 2?1:—51), the equilibrium configuration remains MD on standard/informed con-
sumers (i.e., xy still gets zero utility and x§ still gets positive utility); the consumer surplus

mncreases.

Proof. See Appendix C.2. O

Result 3 shows that the neutrality policy yields two different but intertwined effects. First,
the sign of the policy on consumer surplus crucially depends on whether firms interact in HD
or in MD. Second, in the interval 2;;—51) <t< %v the policy triggers a change in the strategic
equilibrium behavior of firms, from HD to MD.'!

These outcomes highlight the importance of accounting for MD when an Hotelling setup is
used to draw policy conclusions. If we disregarded the existence of MD, we would be induced to
consider that, absent local monopolies, only point (i) of Result 3 applies: the policy compels firms
to compete only over the informed consumers; this softens competition and ultimately entails
that neutrality is detrimental to consumer surplus. This conclusion is, however, incomplete
because point (iii) shows that the policy is actually beneficial to consumers, when the pre-policy
equilibrium configuration is MD. At the same time, point (ii) reveals that the policy itself may be
the driver of a change in the firms’ competition mode, from HD to MD, because the competition-
softening effect under HD makes the indifferent standard consumer’s utility equal to zero for a
lower level of t relative to v. When there is a shift to MD, the take-home of Result 3 is that the

1 Appendix C.2 elaborates on these effects.
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impact on consumers may be reversed because the quasi-collusive behavior of firms under MD

neutralizes the competition-softening effect.

Ban on exclusivity. Suppose now that the extra-utility a derives from firm 0’s exclusive
access either to a superior input that reduces the cost of achieving quality vis-a-vis firm 1 (e.g.,
Bedre-Defolie and Biglaiser, 2022) or to a premium product (e.g., Martimort and Pouyet, 2022).
Unlike the biased intermediary case, here type-a consumers enjoy a after purchasing from firm
0. As a consequence, a possible policy intervention consists in banning exclusive contracts, so
rival firms can access the superior input/product as well (see, e.g., Bedre-Defolie and Biglaiser,
2022). In our model, a ban on exclusivity amounts to firm 1 being able to offer the extra-utility
a too.

The ensuing result studies how an exclusivity ban impacts consumer surplus under full market
coverage. For simplicity, but without loss of generality, we let 4 = 1 so that all consumers are
type-a, i.e., they are sensitive to (actual) quality. Again, we focus on the parametric interval
in which the market is fully covered, i.e., the indifferent consumer obtains nonnegative utility
at equilibrium: the interval is t < v + %a, derived by plugging p = 1 into the upper bound of

interval (iv), Result 2.

Result 4. Lett < v+ %a and t =

ban on exclusivity,

(i) if t < %v + %a, the equilibrium configuration remains HD and the consumer surplus in-

creases,

(1) if%v—i— %a <t< %v—i— %a, the equilibrium configuration changes from MD to HD; consumer

surplus increases if t <t and decreases if t > t.

(iii) if %v + %a <t< v+ %a, the equilibrium configuration remains MD and the consumer

surplus increases.

Proof. See Appendix C.3. O

In our simple setup, banning exclusivity makes consumers better-off both under HD and MD.
However, the implementation of an exclusivity ban can still cause the equilibrium configuration
to switch. In this case, point (ii) shows that the shift is from MD to HD and provides a subtle,
cautionary warning. In the interval £ < t < %v + %a, the consumer surplus jumps downwards

across configurations, thus questioning the desirability of the policy.

5.3 Quality Competition in Price-Regulated Markets

In several industries, firms do not compete in prices. This occurs because, for instance, prices
are regulated by the Government. Firms must therefore revert to other instruments, such as
product quality and/or variety, to gain a competitive edge over their rivals. Intuitively, this type
of strategic interaction has been largely explored in the spatial competition literature.

Early contributions include Calem and Rizzo (1995), who rely on a Hotelling setup where

firms sequentially choose location and qualities, and Gravelle (1999) and Nuscheler (2003),
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who instead build on the Salop’s circular city. Such analyses model the competition between
hospitals to attract patients or between public schools/universities to attract students. Brekke
et al. (2006) extend Calem and Rizzo (1995) and investigate optimal price regulation. More
recently, the Hotelling game with exogenous location and quality competition has been used to
to delve into the effects of hospitals’ competition on the equilibrium quality levels (e.g., Beitia,
2003, and Esteves et al., 2022) and on the equilibrium quality differences (e.g., Siciliani and
Straume, 2019).

In what follows, we modify the baseline model in Section 2 to accommodate quality competi-
tion between price-regulated firms. We prove that MD emerges as an equilibrium outcome, like
in the standard price-competition Hotelling model, and study how firms’ market power affects
the quality level. We then exploit the existence of a continuum of asymmetric equilibria under
MD to discuss the link between market power and quality differences between firms and to show
that price regulation can affect the sign of this link.

The utility of consumer z € [0, 1] if buying from firm 7 is
Uz, q) =1+ ¢ — tdi(z) — p, (11)

where p is the price chosen exogenously by a regulator and 1+ ¢; is the gross utility the consumer
enjoys from a product/service of quality ¢; (for a similar utility function, see Wolinsky, 1997, or
Brekke et al., 2006).2

Firms simultaneously select the quality level ¢; to maximize profit

2
q.
7i(qi,q5) = Di(p — @) — Eza (12)

2
where D; is firm 7’s demand. Offering a service quality level ¢; comes at fixed convex cost %" and
also involves a marginal cost ¢; (for a similar profit function, see Brekke et al., 2006, or Siciliani
and Straume, 2019).

We solve the quality competition game in the following

Result 5. Consider quality competition. Three alternative equilibrium configurations arise de-

pending on the level of t relative to p:

(i) if t < 4/ (p — i)Q +1-— (p — i), Hotelling Duopoly with symmetric equilibrium qualities

¢"" = max{0, #75};

(ii) if (p - %)2 +1- (p — i) <t < \/p%2+2—p, Monopolistic Duopoly with equilibrium

qualities ¢MP = min{p — 1 + % + k,t}, quID = max{0,p— 1+ % —k}, and k low enough;

(iii) ift > \/p? + 2—p, Local Monopolies with symmetric equilibrium qualities ¢*™ = max{0, 2&—721 .
Proof. See Appendix D.1. O

The foregoing result shows that MD is not an outcome restricted to price competition and
supports the idea that MD is an intrinsic feature of the Hotelling setup. Furthermore, the

multiplicity of MD equilibria extends to quality levels as well. Note that the degree of asymmetry

12Because firms are price-regulated, here we omit the dependence of U(+) on p.
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in the asymmetric equilibria is upperly bounded by min{lz:,l%}, where k = %ﬁ)gm nd

k= %. Finally, ¢"'P is negatively affected by ¢, while ¢™P is positively so. Invoking
Remark 3, this demonstrates a negative relationship between market power and the equilibrium

quality levels supplied by the firms.

Competition, regulation, and quality dispersion. Because asymmetric quality equilibria
arise under MD, we are able to investigate the relationship between market power and quality
differences, without assuming ex-ante asymmetries between firms.

We consider the range of k that can sustain a MD equilibrium, i.e., [0, min &, l%], as a metric
of quality dispersion. If this range expands (shrinks), then the expected quality difference,

gMP — qé\/[ D — 2k, increases (reduces). We state the following

Result 6. Consider the MD equilibria in the quality competition game and let p = Mﬁ#

. If the regulated price p is relatively low, p < p, an increase in firms’ market power decreases
quality dispersion, O (min {E, l%}) /Ot > 0. If the regulated price p is relatively high, p > p, an

increase in firms’ market power increases quality dispersion, O (min {E, l%}) /ot < 0.
Proof. See Appendix D.2. O

The main message conveyed by Result 6 is the following: at the MD equilibrium, a price
regulator, by suitably setting the price level, can affect the sign of the relationship between

market power and the expected difference in the quality levels supplied by the firms.

6 Conclusion

This paper has thoroughly analyzed the three equilibrium configurations that can arise in the
simplest Hotelling model when, for given v > 0, ¢t can take any positive value. While the
Hotelling Duopoly and Local Monopolies configurations are well-known, Monopolistic Duopoly
has attracted far less attention in the literature, perhaps because of its peculiar characteristics:
firms interact strategically, but do not actually compete.

We have argued that the existence of MD is due to the sharp increase in the price-cost margin
that would be lost by firms if they tried to expand their sales by stealing consumers from each
other.

We have also suggested that MD can be interpreted as a form of quasi-collusion. This has
potential antitrust implications. Consider a market for horizontally differentiated products, in
which similar competitors are active, but prices are observed to be different and/or to move
in opposite directions. If the attention is restricted to HD, one might conclude that firms are
colluding. Our analysis shows that no collusion is taking place, instead, if firms are operating
under MD. As a result, the identification of the actual equilibrium configuration, either HD or
MD, is crucial to drive antitrust responses.

We have finally considered three recent and relevant topics in the Hotelling literature and
shown how (the inclusion of) MD can dramatically affect both positive and normative results.

A final question concerns the robustness of our analysis. The applications in Section 5

demonstrate that the basic message of our analysis holds in setups that are more sophisticated
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than the baseline model presented in Section 2. Beyond these extensions, it is easy to prove the
following. (i) The results of Proposition 1 continue to hold under more general cost functions
such as C(q) = cq+ F, as long as c and F are not exceedingly large.'® (ii) The presence of three
firms, located in 0, % and 1, as in, e.g. Bacchiega and Garella (2022), does not alter the message
of the present analysis either. In this case, the boundary between HD and MD is at ¢ = %v,
that separating MD from LM is at ¢ = 2v, and equilibrium multiplicity with asymmetric prices
may arise under MD. (iii) Assuming a quadratic transportation cost function ¢(d;(z))? does not
qualitatively affect our results: if ¢ < %v, the unique equilibrium features HD; if %v <t < %v
at least one symmetric MD equilibrium exists (with possibly a continuum of asymmetric ones);
if ¢t > %v the only equilibrium is LM. (iv) Finally, by virtue of the main Proposition in Cremer
and Thisse (1991), the robustness of MD to quadratic costs entails that MD also emerges under
vertical differentiation, provided that a suitable specification of the Mussa and Rosen (1978)

setup is adopted.
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Appendices

A Best-response Strategy and Equilibrium

A.1 Proof of Lemma 1

Optimal price response under HD. First, suppose firm 0 chooses pg such that x; < 1 at

the solution to (4). This yields pg = £ 1“. Substituting this value into (2) and then solving
— p1+t

xy < 1 for p; gives p; < 3t. Note that pg is an admissible solution, provided that the

constraint in (4) is fulfilled. Plugging pg = 245 1+t into (3) and then solving xg > z; for p; yields
p1 < 3 v — t. Summing up, pg = p1+ is firm O best response under HD if p; < min {3t 3 }
— P1+t

Then consider the case t < 31) If 3t < p1 < v and firm 0 reacted by charging pg = ,
the last consumer buying from firm 0 would be located at 1 and would get strictly larger utlhty
than when purchasing from firm 1. Firm 0 prefers to set a higher pg such that the two utilities
are equal and the last consumer located at 1 is also the indifferent one: pg solves equation

U(1,pp) =U(1,p1) and is given by p; — t.

Optimal price response under MD. Price response (7) simply stems from the solution of
equation xg = x1 for pg. Note that x; < 0 if py < v —t, in which case price response (7) makes
firm O serve a zero demand. Instead, for any p; > v — ¢, the demand accruing to firm 0 is given
by p1—(v—t)

.

Optimal price response under LM. Assuming that firm 0 chooses pg such that zg < 1 at
the solution to (8), one gets the optimal monopoly price pg = 5. This is an admissible solution
provided that the constraint in (8) is fulfilled. Substituting po = § into (3) and then solving
xg < x1 for py yields p; > %v — t. Note that the demand accruing to firm 0, zg = is lower

than 1 if ¢t > %v.

L
2t°

Best-response strategy. We consider the three relevant intervals involving ¢ relative to v.

(i) Ift < %v, only the HD and the MD price responses are feasible in p; € (0,v]. We compute

firm 0’s profits as a function of p; under HD,

t+p1)? .
pp—t if3t<p; <w.

and under MD,

P = (2”4’1”12(”17”“) ifv—t<p <w.

One can ascertain that 7'?(p;) > 7P (p;) for any p; € (0,v]. As a consequence, (5) is

the best-response strategy in p; € (0, v].

ii 3V v, an rice responses are feasible in p; € (0, 3v — t), and, again, one
If 4 <75<2 HD and MD p p feasible in p 03 t d, agai
can verify that 7f1P(p1) > mP(p1). By contrast, MD is the only feasible price response
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in p1 € [%v - t,v]. As a consequence, (5) and (7) are the best-response strategies in

p1 € (0, 30— ) and p; € [%v - t,v], respectively.

(iii) If t > %v HD and MD price responses are feasible in p; € (0, %v — t), and 7f'P(p1) >

77(])‘4 D(p1). MD is the only feasible price response in p; € [ v—t, 3 50— ] Finally, MD and
LM prlce responses are feasible in p; € [Qv — 1, v] and it is straightforward to check that
M = 4t > P (p1). As a consequence, (5), (7), and (9) are the best-response strategies

inp; € (0, 30— t), p1 € [%v — 1, %fu — t], and p; € (%v —t, v], respectively.

Summing up, the best reply is pf/P(p1) for any ¢ > 0 and any price p; < min{v, %v —t}. If
t > %v, then min{v, %v —t} = %v — t: for any price p; > %v —t, ptP(p1) cannot be the best
reply any more and is replaced by p)'?(p1). If t > %v, then min{v, %v —t} = %v — t: for any
price p1 > %v —t, p)P(p1) cannot be the best reply any more and is replaced by p&™ (p1).

A.2 Proof of Proposition 1

Firm symmetry implies that both firms act as either Hotelling duopolists, monopolistic duopolists,
or local monopolies at the Nash equilibrium of the price competition game. In what follows,
we verify (whether and) under which parametric conditions these configurations arise at equi-

librium.

(i) Assume both firms act as Hotelling duopolists. Solving the system of best responses,
PP (p1) asin (5) and the symmetric one pi P (py), yields the pair of prices p§? = plfP = t.
This is an equilibrium if ¢ is lower than both 3t, which is trivially true, and 4 % —t, which

is true for t < %v.

(ii) Assume both firms act as monopolistic duopolists. Solving the system of best responses,

Y (py1) as in (7) and the symmetric one pi P (py), yields a continuum of prlces pdP and
p{VID such that péwD +p{wD = 2v — t. The symmetric pair of prices, po = p1 =v— %,
is an equilibrium if v — % € [%v — 1, %v ] which g1ves te [311 v] Any asymmetric pair
of prices such that pMD =v— i — k, p =v— 5 + k, and k£ > 0 is an equilibrium if

M D> 311 t, which is guaranteed by k < £ —% andif pM D < 211 —t, which is guaranteed
by k< th

(iii) Assume both firms act as local monopolists, meaning that pOLM = pr = 5. This is an

equilibrium if § is higher than %v — t, which is true for ¢ > v, and lower than v, which is

trivially true.

Alternative proof. We provide an alternative proof of Proposition 1. The spirit of this proof

will be then used to prove Results 1 to 6 in the ensuing appendices.

(i) First consider HD and anticipate that the indifferent consumer will enjoy a positive utility
at the Nash equilibrium:
U(zr (p"7) . p"7) > 0, (A1)

HDE<HD HD

where p py " ,py ") denotes the equilibrium prices under condition (Al). Since

such condition implies the market is fully covered, the profit function of firm ¢ for a price
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vector p, m; = p; (% - pi;ﬁ) is maximized at p

condition (A1) yields U(z; (pHP) ,pfP)=v—-L -t >0&t < 20.

HD _

t. Substituting this value back into

(ii) Move now to LM. Here, the indifferent consumer obtains a negative utility at equilibrium:
U(zr (p"M) ,pi™) <0, (A2)

with p“M denoting the equilibrium prices under (A2). Plugging the LM optimal prices
piM = % into (A2) yields U(zy (pM) ,p"M)=v -5 -4 <0t > 0.

(iii) Last, focus on MD and check whether profitable deviations from the MD equilibrium prices
le D and pé” D exist.

We first consider the higher-price firm j. A unilateral deviation violates the zero-utility
condition of the indifferent consumer and must therefore lead to a configuration other than
MD. A downward deviation to a price lesser than pé\/[ leads to HD. In this case, firm j
profit is maximized at pf’HD = W. Note that pf’HD > p;-WD iff £ < % — 1, in which
case there is no profitable downward deviation. An upward price deviation by firm j is
easily dealt with since it must lead to LM, where the optimal price is p*M = 5. Note,
however, that p/M < pé-‘/[ Diff k> %, which is true for t € [%v, v]: an upward deviation

by the lower-price firm j is not feasible in the interval of interest.

We now turn to the lower-price firm ¢ and restrict our attention to the parameter constel-

lation k£ < % — 2 where firm j has no profitable deviation. Following a downward price

3
deviation that leads to HD, firm ¢ profit is maximized at piD HD %. Note, how-
ever, that pZD’HD > p,f” D in the interval under scrutiny, which implies that a downward

deviation by the lower-price firm ¢ is not feasible. Finally, an upward price deviation leads
to LM, under which the optimal price is p?™ = 5. Note that pPM < pMD o | < ”T_t, in

which case there is no profitable upward deviation.

B Two-sided Markets

We proceed in two steps. First we prove points (ii) to (iv) of Result 1, then we prove point (i).

B.1 Proof of Result 1, (ii)-(iv)

HD. Solving for x equation U(x, po, E(ng)) = U(z,p1,E(n1)) as in (10) yields the location of

the indifferent consumer,

. _ 1 p1—po+ a(E(ng) —E(n))
rEg 2 '

(B1)
As the producers have correct expectations about the other side’s participation, we can write
E(Dy) = & and E(D;) = (1 — ). As the consumers have correct expectations too, we can
write E(n;) = yE(D;). Solving the system of producers’ and consumers’ expectations, we get

E(ng) = vz and E(n;) = v(1 — ). Plugging these values into & and solving for z yields

I po—p1
1 L B2
TS T o0 e (B2)
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Platform 0 and platform 1 simultaneously solve problems max ppzr; and maxpi(1 — xj), re-
p p
. y HD) _ 1

spectively. The solution to this game is png = pllP = pHP =t — ¢ with z;(p = 3
It follows that the platform equilibrium profits are ¢ and

HD HD

) = ni(p"”) = 3. :
positive iff ¢ > e. Finally, for the indifferent consumer to obtain a positive utility, we need
Uer(pHP),p"P B(no(p"P)) =v+§ —(t—e) = § >0 & t <e+ Fu.

and no(p

LM. Exploiting symmetry, we analyze platform 0 only. We solve equation U(x, pg, E(ng)) = 0

for x to get the location of the consumer indifferent between purchasing from platform 0 and not

v+aE(no)—po
t

purchasing, xo = . Given that the expectations must be consistent with equilibrium

participation, we obtain Dy = 52, Accordingly, platform 0 solves: max pg (”__&) . We get
Po
pIM = 2 with zo(ptM) = Z(tﬂe) and zo(p'M) = (t o+ Finally, for the 1nd1fferent consumer to

v v

obtain a negative utility, we need U (z;(p™™), E(no)(p™)) = vtesgg =53 L<0et>etu.

MD. The indifferent consumer obtains zero utility if v+ (e — t) (% - gé’t_f’e 1)) —po = 0. Solving

for pg + p1 yields
po+p1=2v—t+e. (B3)

MD _

At the candidate symmetric equilibrium, we get p =v— % +35. To check this is an equilibrium,

we exploit symmetry and investigate deviations by platform 0, given that platform 1 sets p; =
MD
pe.

Deviation to HD. Plugging p; = pMP = 2”_72“'6 into (B1) yields

wttte po a(Eng) ~E(no)

B4
4t 2t 2t (B4)

Assuming the deviation by platform 0 leads to HD, the optimal deviation profit is maximized at

p0D7HD - 2”+t+e+2a(5(”0)_mm)) Plugging pDD’HD into (B4), we find the indifferent consumer’s
location on the deviation path, ZL'D HD _ 2U+t+e+2a(§i(n )_E(m)), and, in turn, the deviation
profits, 7TD HD (2U+t+e+2a(32(: )_]E( 1))’ . One can check that 7rD AD 7MP 5o the deviation

is profitable. However, it is not feasible if the utility of the indifferent consumer is nonpositive,
that is, if
2aE(ng) + 6aE(n1) < —2v + 3t + 3e. (B5)

To further investigate the above condition, we proceed as follows. Among all the possible
expectations that can be considered off the equilibrium path, we take rational expectations (i.e.,
such that E(ng) = 7x?’HD and E(ng) = v(1— x? HDYy and plug them into (B5), thus obtaining
—2a [E(ng) — E(n1)] < 2v+t+e+ 2 (20 + 3t — 3e): the LHS is negative, whereas the RHS is

nonnegative iff
(2t —e) (3t —2v—e)
e

> 0, (B6)

which is fulfilled given that ¢t > e + %v. This proves there exist expectations off the equilibrium
path such that the deviation to HD is not feasible.

LM_v

Deviation to LM. The deviation price is p Plugging it into (B1), we find the location

(no)—20K(n1)

yr . The deviation is not

of the indifferent consumer on the deviation path tvtet2alk
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feasible if the utility of the indifferent consumer is nonnegative, that is, iff

t+e—v

& (B(ng) + B(n)) >

(B7)
Using rational expectations (i.e., such that zp =1 — 21 = ﬁ), the above inequality can be
rewritten as (t+e) (v —t+e) > 0, which is true because ¢ < e + v. This proves there exist

expectations off the equilibrium path such that the deviation to LM is not feasible.

B.2 Proof of Result 1, (i)

We observe that if ¢ < e, the demand of platform 7 as in (B2) would increase with p;, which
is implausible. To compute the indifferent consumer’s location, we proceed as follows. At a

MD symmetric equilibrium, producers’ rational expectations should be such that each platform

attracts half of the consumers: E(D;) = % that, in turn, implies n; = 3. Therefore, rational

expectations by consumers imply E(n;) = 3. Plugging 4 into (10) and solving for = equation
U(z,po, E(ng)) = U(z,p1,E(n1)), we obtain z; = % + BP0 The indifferent consumer obtains
zero utility it v+ § —po —t (% + 1312;15700) = 0. Solving the above equation for pg + p; yields (B3).
This implies that the candidate symmetric equilibrium price is as above, pMP = %
that we can rely on conditions (B6) and (B7) to check whether it is an equilibrium when ¢ < e.
(B6) turns out to be fulfilled iff (i) ¢t < §; (ii) § <t < § and v > 3-e; (iil) £ <t < e and
v < 3¢ As for (B7), note the LHS equals e if E(ng) +E(n1) = v, in which case it is strictly
higher than the RHS. As a result, there exist (sufficiently high) expectations off the equilibrium

path such that condition (B7) holds.

, and

C Asymmetric Competition

C.1 Proof of Result 2

First, we need to define two threshold locations. While standard consumers purchasing decisions

depend on the cutoffs (2) and (3), the type-a indifferent consumer locates at

a+t—po+p1
)

a —

era%po' Anticipating that py > p; at any

while the marginal type-a consumer for firm 0 is z§ =
equilibrium, we assume a < ¢, which is sufficient to have ¢ <1 at any equilibrium.

Note that for any price vector (pg,p1), the utility of the standard indifferent consumer,

t+po+p1
v TP

sy (1)

t+pot
— =P - Consequently,

is always lower than the utility of the type-a indifferent consumer, v+ 5
we have five possible equilibrium scenarios. In the following, we check the conditions under which

these scenarios arise.

(i) Consumers at z; and z} obtain positive utility. In this case, firms’ profits are my =

(1 — p)poxr + ppoxr§ and m = (1 — p) p1 (1 — 1) + pp1 (1 — x9), with equilibrium prices pg =
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t+ %au and p; =t — %au. Plugging these values into (C1) returns the equilibrium utility of
the indifferent standard consumer, which is positive iff ¢ < %v. In such interval, the equilibrium

utility of the consumer x¢ is positive a fortiori. Therefore, this is an equilibrium iff ¢ < %v.

(ii) Consumer at x; obtains zero utility, while ¢ obtains positive utility. In this case,
the symmetric equilibrium price is v — 5. The equilibrium location of the indifferent standard
consumer is 5 and her utility is zero. As for the type-a consumer, we have i 5 + 5 and g,
respectively. Similarly to all the symmetric MD equilibria derived in the present appendix, one
can show that no profitable unilateral deviations exist in the interval %v <t < 2?1:—5@. The

proof follows the same steps as the one in the baseline model, and is left to the reader.

(iii) Consumer at z; obtains negative utility, while ¢ obtains positive utility. In this
case, firms’ profits are my = (1 — p) poxo + ppor} and w1 = (1 — p) prar + pp1(1 — z$), where xg

and 7 are the marginal consumers in (3) and equilibrium prices are péM and plLM , as in Result

4t—tp—2ap 1:
—Sio3in and her utility

da—At+4v—3ap+tu—2vp
8—61

tive utility if ¢ < 2 4 3“ a. Concluding, this equilibrium exists iff ¢ € (22 Ly, 22

2. The equilibrium location of the indifferent standard consumer is x =

and posi-
4 3,u

is negative iff t > 22_—ZU As for the type-a consumer, we have x =

(iv) Consumer at x; obtains negative utility, while z¢ obtains zero utility. The

symmetric equilibrium price is p = v — 52. The equilibrium location of the indifferent type-a

consumer is % + 5; and her utility is zero. ThlS equilibrium configuration is robust to deviations

iff t € 2 “v—i—4 3“@ v—i—(l—f)a].

(v) Consumers at z; and z¢ obtain negative utility. Firm profits are my = (1 — p) poxo+

v

ppoxy and m = (1 — p) p1(1 — 1) + pp1(1 — z1). Equilibrium prices are pg = H% and p; = 3.

To confirm the equilibrium existence we only need to check that the utility of the indifferent
(2 u)

type-a consumer, located at z¢ = 2 + , 18 negative: this is true iff t > v + (1 — %) a.

In conclusion, we are interested in computing the equilibrium consumer surplus in the interval
t < 2%”' In doing so, we remove a from the utility function of type—a consumers because a is

2,09
not enjoyed ez post. We get CSyp =v — 2t — W and CSyp =1t — az—t“.

C.2 Proof of Result 3

The neutrality policy limits competition to the market of standard consumers. The indifferent

type-a consumer is exogenously located at %

Equilibrium analysis after policy.

(i) Assume that the indifferent standard and type-a consumers obtain positive equilibrium
utility. Profits are then mg = (1 — u) pox; +Mpo% and m = (1 —pu)p1 (1 — ) +up1%. The
symmetric equilibrium price is ﬁ The equilibrium location of both types of indifferent
consumers is % and their utility is positive iff t < 2;;—511.

(ii) Focus now on t > 2;):—}’7; and assume that the indifferent standard and type-a consumers

obtain negative equilibrium utility. Profits are then mg = poxo and 7 = p1(1 — z1).
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The symmetric optimal price is 5. The equilibrium location of both types of indifferent
consumers is % and their utility is negative iff ¢ > v. Recall that we are focusing on

t < 23:—51} and note that 2%1} <.

(iii) Finally, consider 2;:—/621 <t< 2421:—/511 and assume that the indifferent standard and type-a
consumers obtain zero equilibrium utility. In this case, the symmetric equilibrium price is
v — %, the equilibrium location of both types of indifferent consumers is % and their utility

is zero.

Consumer surplus after policy. After the policy, the consumer surplus under HD is CSgp p =
v — ﬁt. It is a matter of algebra to ascertain that this value is lower than C'Sgyp. The post-

policy consumer surplus under MD is CSyp p = ﬁ, which is instead higher than C'Sy;p.

Consumer surplus comparison with configuration change. We focus on the interval
2;):—’/11) <t< %v, where firms shift from HD to MD after the policy, and compare the resulting
consumer surplus, C'Syp and CSyp,p. We first observe that C'Sy p is monotonically decreasing
in t and that C'Sy/p,p is monotonically increasing in t. We also have that C'Syp —CSyp,p > 0
at t = 2;}:—/61) and CSyp —CSyvp,p <0att= %v. Let then € (2;):—51;, %v) denote the unique
threshold where C'Syp — CSyp.p = 0.

Explanation of Result 3. The neutrality policy is CS-reducing under HD and CS-enhancing
under MD for the following reasons. The policy eliminates the bias: this enhances the consumer
surplus, irrespective of whether the configuration is HD or MD. Under HD, however, the policy
softens the incentive to steal consumers from the rival because firms can only compete to attract
the informed consumers. The lower resulting competitive pressure on firms reduces the consumer
surplus. If HD is the equilibrium configuration before and after the policy implementation, the
negative competition-softening effect outweights the positive no-bias effect, making consumers
worse-off. If MD is the pre- and post-policy equilibrium configuration, there is no competition-
softening effect because firms set the same equilibrium price p = v — % before and after the
policy implementation. Put it differently, the quasi-collusive behavior adopted by firms under
MD excludes the possibility to further soften competition. As a result, the only force at work is
the bias-elimination one, which makes consumer surplus to increase.

The change in the firm strategic behavior from HD to MD is due to the competition-softening
effect under HD, which reduces consumers’ utility. As a result, the indifferent, informed con-
sumer’s utility becomes zero, thus giving rise to MD, for a lower level of ¢ relative to v, i.e.,
2;):—521 rather than %v.

C.3 Proof of Result 4

The ban on exclusivity enables firm 1 too to offer the extra utility a.

Equilibrium analysis before policy with 4 =1. We have

(i) HD, i.e., the indifferent (type-a) consumer gets positive utility, with py = t—i—%a, pp = t—%a
and t < %v + %a;
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(ii) MD, i.e., the indifferent consumer obtains zero utility, with p = v — t_Ta and %v + %a <

tgv—i—%a;

v

v+a —
¢ and p; = 5 and

(iii) LM, i.e., the indifferent consumer obtains negative utility, with py =

t>v+ 3a.

Consumer surplus before policy. = We compute the equilibrium consumer surplus in the

case of full market coverage, i.e., if t < v+ %a. We include a in the computation of surplus

because a is actual utility. We get CSyyp, = v — %t + % and CSy,p = “2:?2.

Equilibrium analysis after policy. After the ban on exclusivity, firms are identical.

(i) Under HD, the indifferent consumer is as in (2). The equilibrium prices are ¢, the equilib-

rium location of the indifferent consumer is 3 and her utility is positive iff ¢ < % (v+a).

ii) Assume that t > 2 (v + a) and that the indifferent consumer obtains negative equilibrium
3 g

utility, such that the configuration is LM. Profits are mg = pg ”+at_p° W%pl.
The symmetric optimal price is ”;“, the equilibrium location of the indifferent consumer

is % and her utility is negative, if and only if, ¢ > v 4+ a. Recall that we are focusing on

tgv—l—%aandnotethatv+%a<v+a.

and m; = p1

iii) Finally, consider 2 (v+a) < t < (v+ 2a); this interval is nonempty under assumption
3 2
a < t. Assume that the indifferent consumer obtains zero equilibrium utility, which implies

MD. In this case, the symmetric equilibrium price is v — t_T“ and the equilibrium location

1

of the indifferent consumer is 5

Consumer surplus after policy. Under HD, we have CS}ID’P =v— %t + a and, under MD,
CSE\/[D,P = %a + it. It is a matter of simple algebra to ascertain that C’S}{DJD > CSyp and
CSEMD,P > CSYyp-

Consumer surplus comparison with configuration change. We focus on the interval
%v + %a <t< % (v + a), where firms shift from MD to HD after the policy and compare the
resulting consumer surplus, C'S’,, and CS}{D,P. We have C'S),, < CS}ID’P if %v + %a <t<t

o T s 2_n2
and CSyp > OSyp pift <t < 2(v+a), where t = % (v+a)+ —W.

D Quality Competition

D.1 Proof of Result 5

The indifferent consumer is U(x,q0) = U(x,q1) & = = trlao—a) = x1(q), where the boldfaced

21
letter q represents the quality vector (qo, ¢1). The marginal consumers are found by setting (11)
equal to zero and solving for =, U(z;,q;) =0 < zi(q;) = #. Hence, the firms’ demands are

Do(a) = z1(q) and D1(q) = 1—=1(q) if z1(q1) < x7(q) < z0(qo), while they are Do(qo) = zo(qo)
and Di1(q1) = 1 —z1(q1) if 2o(q0) < zr(q) < z1(q1)-
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HD. The demands are D;(q). By taking the first-order derivative of (12) w.r.t. g;, setting it
to zero and solving form q; we get firms’ best response functions. The solution to the system of

By plugging the optimal quahtles back into (12), we obtain the profits

t(t+1)(dp+1)—p
2(2t+1)2

t< <pi>2+1<pi). (D1)

Note that the HD equilibrium quality is negative if ¢ > p and the HD equilibrium profit

is negative if t < % ”%Hl — % In these cases, we assume that firms Sets g¢; = 0 and the

regulator p = 0. The indifferent consumer’s equilibrium utility is then 1 — , which is positive
under condition (D1) with p = 0.

best replies is ¢; = 2t +1

at the HD equilibrium of the game, . The equilibrium utility of the indifferent

consumer is positive iff

2p—1
t2
. The equilibrium utility of the indifferent consumer is negative iff

LM. The demands are D;(g;). Profit maximization yields ¢; = At the optimal quality

s pto+4v? —p3t

level, the profit i T(i+16)

t>\/p*+2-—
Note that the optimal LM quality is negative if p < % and the LM optimal profit is negative

ifp>1Ut < m. In these cases, we assume that firms sets ¢; = 0 and the regulator
pe(l— %, 1), with the effect that firms’ profit is positive but lower than %ﬁg)ﬂ, and the

indifferent consumer’s equilibrium utility is negative.

MD. Setting the utility of the indifferent consumer equal to zero and solving for gg + ¢1, we
obtain gy + ¢1 = 2(p — 1) + ¢. Like in point (ii) of Proposition 1, we define the MD qualities as

t '
G=p—1l+g+k q¢=p-1+5-Fk (D2)

4 _ _ 2
2(t+2k)(2—t Qki)it H2p—24142k) o

We check under which conditions there are no profitable

with k& > 0. At these qualities, the firms’ profits are m; =

_2(t—2k)(2—t42k)—t(2p—2+t—2k)?
Ty = 8t :

deviations from the MD candidate equilibria (D2).
Let us start by considering the low-quality firm j. An upward quality deviation leads to

HD and the deviation profit is maximized for ¢; = 2kHAp—t=2 " Thig deviation is ruled out if the

A(t+1)
resulting quality is lower than p — 1 + 2 /~c which is the case iff £ < % =k A

downward deviation to LM requires that 2 -1+ % — k, which is never verified in the MD

t+2 <p
interval.

Move now to the high-quality firm ¢ and consider a downward deviation to LM, where the
optimal quality is % To disregard this deviation, it must be that = +21 >p—1+4 % + k,

which is true iff k£ < sz_jf’t = k. Finally, if firm 4 deviates upwards to HD, its profit function

is maximized for ¢; = %. Yet, this quality level is lesser than p — 14 £ + k in the MD

interval y/ (p — %)2 +1—(p—13) <t < \/p?+2— p; this rules out the deviation.

Note that a sufficient condition for the lower equilibrium quality ¢; = p — 1 + = — k to be

positive is t > /1= 3p and a sufficient condition for the firm j’s equilibrium profit to be positive

4+-8p—9p? +(3p 2)4/4—4p+9p?
st < T6p(p—1) um
¢; = 0 and the regulator sets p such that firm i’s best response is ¢; = min{k, k}. The indifferent

. If these conditions are violated, we assume that firm j sets
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consumer’s equilibrium location is then either min 73756;{2”2, 1}, if k > k, or A2 ] if
PO +8t ) 41212t ’
k<k.

D.2 Proof of Result 6

Notice that k z @ﬁpi % = p. Moreover k = 0 for t = (%—p)Q-i-l— (p—i)
Ok _ 112p+12t4+4t2+1 a7 _ 5 ok __  14ptatit242
and 9F = JIEREAEE 5 0 while b = 0 for t = ;7 +2 — p and §F = —JIHELE

2—t2

Rearranging the MD interval wih respect to p yields % <p< S5

= 24+t—2t2 2-—¢2
show that p € (T, 5 )

Simple calculations
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